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Abstract-we consider a family of stationary solutions of the 2-D Navier-Stokes equations para, 
metrized by the Reynolds number. As the Reynolds number increases toward infinity, the solutions 
converge to a solution of the 2-D Euler equations. Our variational problem gives a necessary condition 
to pick up this limit solution among the continuum of the solutions to the Euler equations. 
1. INTRODUCTION 
The qualitative behaviour of the Navier-Stokes flows with very small viscosity attracts an in- 
creasing number of mathematicians and physicists. In this letter, we will give a new variational 
problem which arises in the Navier-Stokes equations when the viscosity tends to zero. What 
we consider is the two-dimensional steady states of incompressible viscous and/or inviscid fluid. 
Accordingly, we consider the following equations: 
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where R is the nondimensional number called the Reynolds number, (u, v) is the velocity vector, 
p is the pressure, and (fi, ;f2) is the volume force. We have everything nondimensionalized. Note 
that the order of the strength of the nondimensional volume force is proportional to that of 
viscous force. We intentionally did so, or we should say that what we will derive later depends 
on this scaling. We consider (l.l)-( 1.3) in some two-dimensional domain. In order to avoid 
unnecessary complications, we consider them in two-dimensional flat torus T, i.e., we deal with 
a square {(x, y); 1x1 < 7r, Iyj < 7r} and the periodic boundary conditions in x and y. It is well 
known (see, e.g., [l]) that for any 0 < R < 00, there is at least one solution (~,v,p) of (l.l)-(1.3) 
(in the torus) and that the solution is smooth. 
For a small Reynolds number R, the solution is unique. However, bifurcations may occur 
for larger Reynolds numbers and we have more than one solution. It is important to note that 
the solutions are parametrized by the Reynolds number and that we have curves (possibly with 
mutual intersections) of solutions. It, therefore, would be a natural question to wonder where 
the curve goes as the Reynolds number increases. 
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We now introduce the stream function 1/, by 
Then the Navier-Stokes equation (l.l)-(1.3) is written as follows: 
;(A2$ +4x, y)> + J(+, Allr) = 0, (14 
where g = % - $$ and J is a bilinear form defined as 
aP &I J(p,q) = 22 - dyz. 
Suppose now that we are given a family of solutions to (1.4): {+R; 0 < R < 00). Suppose also 
that the limit 
exists. We do not discuss here in what topology this limit exists. The meaning of the limit will be 
seen later (see, e.g., Theorem 1). For a while, we continue the analysis rather heuristically. We, 
however, have strong numerical evidence that such a situation is realized in a special flows called 
Kolmogorov flows [2]. We also remark that the existence of finite limit, $0, is a consequence of 
the scaling in (l.l)-(1.2). For instance, if the volume force is of order O(RS), with s # -1, then 
the solutions may diverge as R + co. From (1.4), it would be natural to expect that $0 satisfies 
the Euler equation: 
J($o, A401 = 0. (1.5) 
Recall that all solutions to (1.4) for finite R are smooth [l]. The equation (1.5), however, can have 
discontinuous solutions. To be specific, for any function Q : IR ---) R, the relation -A$ = S(G) 
implies (1.5). We now get the following question: as R + 00, does ‘$R converge to a smooth 
solution, or a nonsmooth solution? If we notice the arbitrariness of X9, we also have the following 
question: Among infinite numbers of solutions to (1.5), which one is connected to the solutions 
to (1.4) in the sense that it is a limit of solutions to (1.4)? Equation (1.5) has a continuum 
of solutions but only a small number of them are connected to (1.4), since for a fixed R, we 
generically have a finite number of solutions to (1.4). Since this “selection mechanism” among 
invicid flows is caused by a vanishing viscous force, it would be important to see a mathematical 
background behind these questions. 
2. BATCHELOR’S CRITERION 
This section derives a criterion for an Euler solution to be connected to viscous solutions. 
THEOREM 1. We assume that $0 belongs to the Sobolev space Ha(T) with some s > f and that 
I?0 is a C2 curve. Suppose that for each R there is a closed streamline rR of $R exists and that 
rR converge to closed streamline of ?,/JIJ in C2 topology. We assume that $R + $0 in Ha(T). 






where n = (nz, n,) is the outward normal, & denotes the normal derivitive, and d-y is the line 
element of Fo. 
PROOF. Consider a domain DR enclosed by IR. We integrate (1.4) in DR to have 
1 
E DR J (A21CI~ +d~, ~))dxdy+ J J($R, WR) da: dy = 0. DR 
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The second integral is, by Green’s formulas, equal to 
which vanishes since rR is a streamline. Therefore, 
s (A%JR + g(x, Y)) dx dy = 0 DR 
for each R. Integrating by parts and letting R go to +oo, we have the equality (2.1). I 
This theorem is due to Batchelor [3]. Actually, he considers the case where the driving force 
is given not by the volume force but by the boundary conditions. But the present theorem is 
proved by the same idea as his. 
Theorem 1 gives a necessary condition for a solution of (1.5) to be a limit of the solutions 
to (1.4). We recall, however, that the solution to (1.5) can have nonsmooth solutions. As a 
matter of fact, it is necessary to include 1c, E @(T) \ C3(T), since our computations in [2] seems 
to support the existence of such nonsmooth Euler flows. In order to include nonsmooth solutions, 
we generalize Theorem 1 as follows. 
THEOREM 2. Assume that $0 E H2(T) and that the solutions {$J,R} of (1.4) converge to $0 in 
H2(T). Then 
J [W~oAWtioo) = ds, ~)@(tio)l dx dy = 0 (2.2) T 
for aJJ smooth function Cp : R -+ W. Here, T is the torus. 
PROOF. We multiply (1.4) with a’($~) and integrate it on T. By the integration by part, we 
have 
J 4th A$)@($) dz 4/ = 0 T
Then in the same way as above, we have (2.2). Note that H2(T) c L”O(T). We thereby need 
not be worried about the integrability of (2.2). I 
Two citeria (2.1) and (2.2) are mutually equivalent if $0 is sufficiently smooth. However, 
(2.2) requires less smoothness than (2.1) does. 
Let us now consider a special case. Suppose that $0 is smooth and there exists a function 
F : IR --+ R such that -AQo = F($o). Then the pair ($0, F) is the solution of the following 
variational problem 
Find +,o E H2(T) and F : R ---) R such that 
J T [F’(+o)@‘(+o)b’tio12 +g(w)@($o)] dxdy = 0 
and 
J VlcIo .04 + F(tioM = 0, T 
for aJJ 4 E C-(T) and all smooth Cp : R + 119. 
We do not know how to solve this variational problem, but there are some simple solutions. 
EXAMPLE 1. In this example, F(s) = cs, where c is a constant. This means that $JO is an 
eigenfunction of the Laplace operator. Now (2.2) is satisfied if A2$c + g = 0. Thus, if 3 is an 
eigenfuction of the Laplace operator, (2.2) is satisfied. This, however, is a trivial example. In 
fact, & satisfies not only (1.5) but also (1.4) for all R > 0. Therefore, $R = $0 and we have no 
singular behavior as R + co. 
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EXAMPLE 2. Here, fi = sin y and A f 0. The flows corresponding to this force are called 
Kolmogorov flows. The bifurcations of such flows are numerically studied in [2]. In this case, the 
function g is equal to cosy. The solution given by Example 1 is just $0 = - cos y. But we have 
different solutions. Namely 
g+ = +cos y + cosz), $- = +cos y - cosx). 
They satisfy A2& = $J&. Therefore, (2.2) becomes 
J cosyfcosx 2 9(cosyrfcosz)dxdy=0. T
This is certainly true for all @ because of symmetries with respect to the straight lines 
{y = &r}. This example also shows that Batchelor’s criterion (2.1) or (2.2) is not a sufficient con- 
dition. In fact, this comes from Iudovich’s theorem which claims that (l.l)(with finite R) has a 
unique solution $J = - cosy. What surprises us is that the uniqueness is true for arbitrarily large 
R (see (2,4]). Thus, +t cannot be a limit of the Navier-Stokes flows, while they satisfy Batchelor’s 
criterion. We, however, note that we have considered flows in a fixed torus, i.e., the square. The 
Kolmogorov force (sing, 0) can be considered in any rectangles {(z, y); 1x1 < $, ]y( < s}, where cr 
is a positive parameter. It is shown numerically in [2] that there is a family of solutions $2’” in 
the rectangles such that they converge to & as R --) 00 and (Y --) 1. This example warns us of a 
danger when we interpret the sufficiency of Batchelor’s criterion: it is not sufficient for an Euler 
flow to be a limit of Navier-Stokes flows in a fixed domain. However, there is a possibility that 
it may be a suficient condition for an Euler flow to be a limit of Navier-Stokes flows in various 
domains when R ---f 00 and the domains converge to the original domain. 
3. ANOTHER LOOK AT BATCHELOR’S CRITERION 
Batchelor’s criterion (2.1) or (2.2) is starting point for the analysis of the family of stationary 
states with vanishing viscosity. The difficulty is on the singular perturbation nature of the 
problem. Singular perturbation technique has been quite successfully applied to many problems 
in sciences. However, rigorous analysis seems to have not yet applied to the Euler equations. 
Here we try to develop an outer expansion of the following form: 
k=O 
where E = i. Substituting (3.1) into (1.4), we obtain 
J(Go, A$,) = 0, (3.2) 
J(+o, AlCIl) + J(tii, A$o) = -A2$o - 9, (3.3) 
J(+o, &k4 + J(zhWo) = -J(h, WI> - A2h, (3.4) 
and so on. In order that there exists a solution $i to (3.3), the right hand side of (3.3) must 
satisfy some condition which is called solvability condition. Define a linear operator L by 
Lu. = J($o, Au) + J(u, &JO) 
and its formal adjoint: 
L*u = AJ(u, $0) + J(A$o, u). 
Obviously, L*(lk($~)) = 0 for all smooth functions 9. In order for (3.3) to be solvable with respect 
to $1, it is necessary to have (A2$c + g) I Ker L* . Thus it must hold that (A2$o + g) I Q($Jo) 
for all g. This is nothing but Batchelor’s criterion (2.2). 
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